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Competition between two main attractors of the distributed chaos, one associated with transla-
tional symmetry (homogeneity) and another associated with rotational symmetry (isotropy), has
been studied in freely decaying turbulence. It is shown that, unlike the case of statistically station-
ary homogeneous isotropic turbulence, the attractor associated with rotational symmetry (and con-
trolled by Loitsyanskii integral) can dominate turbulent local dynamics in an intermediate stage of
the decay, because the attractor associated with translational symmetry (and controlled by Birkhoff-
Saffman integral) is still not developed enough. The DNS data have been used in order to support
this conclusion.
INTRODUCTION
Freely decaying turbulence becomes similar to isotropic
homogeneous turbulence after going through certain
stages of development. It can be clear seen on time dy-
namics of the skewness of the velocity derivatives
S =
〈(
∂ui
∂xi
)3〉
〈(
∂ui
∂xi
)2〉3/2 (1).
For isotropic homogeneous turbulence, the skewness
characterises the rate of vorticity production by vortex
stretching [1]. At relatively small turbulent Reynolds
numbers Reλ the skewness S ' −0.5 for the statisti-
cally stationary isotropic homogeneous turbulence. Fig-
ure 1 shows time dynamics of the skewness in a freely
decaying turbulence. The data were taken from site Ref.
[2]. In this site the results of a direct numerical simu-
lation (DNS) of decaying turbulence in a triply periodic
box at 5123 resolution, performed by A.A.Wray [3], are
presented. The DNS was started from an uncorrelated
random field at Reλ ' 950. When it reached Reλ = 62,
the DNS had resolution kmaxη = 1.4 (where η is the
Kolmogorov microscale).
One can see that for t > 2 (in the DNS units) the
skewness approaches the value -0.5. The dashed straight
line in Fig. 1 corresponds to the stationary isotropic
homogeneous value S ' −0.52 observed in a DNS at
38 < Reλ < 70 Ref. [4] (Table II).
Distributed chaos in the statistically stationary
isotropic and homogeneous turbulence has two main at-
tractors associated with the two main space symmetries:
translational (homogeneity) and rotational (isotropy) [5].
Let us denote these attractors as h-attractor and i-
attractor correspondingly. Due to the Noether’s theo-
rem these attractors are associated also with two main
conservation laws: conservation of linear and of angular
momentum [6], and through these conservation laws with
the Birkhoff-Saffman (I2) and Loitsyanskii (I4) invariants
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FIG. 1: Skewness of a freely decaying turbulence (in the DNS
units). The DNS data [3] were taken from site Ref. [2]. The
dashed straight line corresponds to the stationary isotropic
homogeneous value at 38 < Reλ < 70 from DNS Ref. [4]
(Table II).
[1],[7],[8]
In =
∫
rn−2〈u(x, t) · u(x + r, t)〉dr (2)
Let us recall that the invariants which (due to the
Noether’s theorem) are consequences of the space sym-
metries are compatible with viscosity dissipation [1],[7].
Therefore, unlike the invariant (energy) associated with
time translational symmetry, these invariants do not de-
mand large Reynolds numbers in order to be applicable,
and they can be well applied to the near dissipation range
of scales [9],[10] and to the decaying turbulence with rel-
atively small Reynolds numbers.
The h- and i-attractors have different sets of initial
conditions which eventually approach each attractor (so
called basin of attraction). It is known that basin of
attraction of the i-attractor is small and thin in compar-
ison with the h-attractor. Because of this the Birkhoff-
Saffman integral I2 dominates the distributed chaos dy-
namics in the statistically stationary isotropic and ho-
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FIG. 2: For the same DNS as in Fig. 1 but for logarithm of
the 3D velocity power spectrum at t = 2.298 as function of
k5/6 (in the DNS units). The solid straight line corresponds
to the Eq. (3) with β = 5/6.
mogeneous turbulence [5]. But just because of this the i-
attractor approaches its developed state earlier than the
h-attractor in the decaying turbulence. The i-attractor
needs in less time to involve its small and thin basin
of attraction than the h-attractor with its large basin
of attraction. Therefore, we can expect that in the de-
caying turbulence there exists an intermediate range of
times where the i-attractor dominates chaotic dynam-
ics just because the h-attractor is still not developed
enough. With advance of the h-attractor development
the competition depends on stability of the i-attractor
both to the instant perturbations and to noise. If the
energy spectrum of the initial data is chosen (in DNS,
for instance) proportional to k4 for small k, then the
basin of attraction of the i-attractor has certain pref-
erence [7],[8],[11],[12], that results in an additional de-
lay of the h-attractor development in comparison with
i-attractor.
It is difficult to distinguish between the Birkhoff-
Saffman (h-attractor) and Loitsyanskii (i-attractor)
regimes in the decaying turbulence using data on decay
of the global variables such as total energy. The energy
spectra can be more informative for this purpose, because
they provide a broad information about local dynamics
in the wavenumbers space at each time point.
The velocity power spectra for the distributed chaos
have a stretched exponential form [5]
E(k) ∼ exp−(k/kβ)β (3)
In the asymptotic theory suggested in the Ref. [5] scale
invariance of the group velocity of the waves driving the
0 20 40 60 80
-14
-12
-10
-8
-6
-4
k5/6
ln
 E
exp-(k/kβ)5/6
t=3.169
FIG. 3: The same as in Fig. 2 but for t = 3.169.
         
 

 

 

 

 
 




	


 
 
ff
		
FIG. 4: The same as in Fig. 2 but for t = 5.466.
chaos
υ(κ) ∼ I1/2n καn (4)
at κ → ∞, provides αn = (n + 1)/2 by the dimensional
considerations, and then
βn =
2αn
1 + 2αn
=
n+ 1
n+ 2
(5).
For the h-attractor (Birkhoff-Saffman invariant) β2 =
3/4 whereas for the i-attractor (Loitsyanskii invariant)
β4 = 5/6. Figures 2-4 show data of the same DNS [2],[3]
as in Fig. 1 but for 3D energy spectra E(k, t) of the free
decaying isotropic turbulence at t = 2.298, 3.169, 5.466.
30 10 20 30 40 50
-14
-12
-10
-8
-6
-4
k3/4
ln
 E
exp-(k/kβ)3/4
t=2.298
FIG. 5: The same as in Fig. 2 but against k3/4.
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FIG. 6: The same as in Fig. 4 but against k3/4.
In the scales of the axes chosen for Figs. 2-4 the stretched
exponential spectral law Eq. (3) with β = 5/6 corre-
sponds to a straight line. One can see that β4 = 5/6
provides good correspondence to the data for Figs. 2
and 3.
Figures 5 and 6 show the same data as in Figs. 2
and 4 in the scales suitable for the h-attractor value of
β2 = 3/4 (i.e. lnE against k
3/4), for comparison. One
can see that competitiveness of the h-attractor against
i-attractor increases with time, as expected for the de-
veloping attractors. Actually it seems from comparison
of the Figs. 4 and 6 that at t = 5.466 we are close to
transition from the domination of i-attractor to domina-
tion of h-attractor, as in statistically stationary isotropic
homogeneous turbulence [5] (cf. Fig. 1: the skewness in
Fig. 1 saturates on the stationary turbulence value - the
dashed straight line, and also Ref. [13]).
ACKNOWLEDGEMENT
I thank A.A. Wray for sharing his data and J. Jimenez
for organizing the AGARD site Ref. [2].
[1] A. S. Monin, A. M. Yaglom, Statistical Fluid Mechanics,
Vol. II: Mechanics of Turbulence (Dover Pub. NY, 2007).
[2] http://torroja.dmt.upm.es/turbdata/agard/chapter3
/HOM02 (data of a DNS by A.A. Wray).
[3] A. A. Wray, AGARD Advisory Report, AR-345, 63
(1997).
[4] T. Gotoh, D. Fukayama, and T. Nakano, Phys. Fluids,
14, 1065 (2002).
[5] A. Bershadskii, arXiv:1512.08837 (2015).
[6] L.D. Landau and E.M. Lifshitz, Mechanics (Pergamon
Press 1969).
[7] P. G. Saffman, J. Fluid. Mech., 27, 551 (1967).
[8] P. A. Davidson, Turbulence in rotating, stratified and
electrically conducting fluids. (Cambridge University
Press, 2013).
[9] G. Falkovich, Phys. Fluids 6, 1411 (1994).
[10] A. Bershadskii, Phys. Fluids 20, 085103 (2008).
[11] P. G. Saffman, Phys. Fluids, 10, 1349 (1967).
[12] P. A. Davidson, J. Fluid Mech., 632, 329 (2009).
[13] J. B. Perot, Advances in Physics, 1, 022104 (2011).
